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Energy Efficiency of Commercial HVAC-based
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Abstract—Commercial buildings with significant thermal iner-
tia can be regarded as virtual batteries (VBs) when their heating,
ventilation, and air conditioning (HVAC) systems participate in
demand response. This is attributed to their battery-like feature
of converting surplus (deficit) power into stored (released) cooling
capacity, thereby reducing (increasing) future energy demand
without compromising occupant comfort. An HVAC-based VB
achieves the optimal efficiency when charging energy equals
discharging energy, thereby avoiding additional energy consump-
tion and ensuring mutual benefits of the grid and buildings.
However, primary factors contributing to VB inefficiency remain
unresolved, hindering VB development and applications. This
work shows that the indoor temperature trajectory throughout
a complete VB cycle is the key factor impacting HVAC-based
VBs’ additional energy consumption. We develop a method to
quantify this impact based on a new concept, i.e., virtual leakage
power. Furthermore, we derive the optimal efficiency condition,
and propose an approach for quantifying the range of load
shifting that a VB constrained by optimal efficiency can provide.
Additionally, we design a model predictive control method for
HVAC-based VBs to provide a specific amount of load shifting
while ensuring optimal efficiency. Robustness of our results to
assumptions made in the analysis is illustrated through simulation
case studies.

Index Terms—Commercial buildings, HVAC systems, demand
flexibility, virtual battery, energy efficiency, ancillary services.

NOMENCLATURE
Notation for Continuous-Time Analysis
t Time
T (t) Indoor temperature
Qheat(t) Heat transfer into building resulting from

difference between T (t) and Toa

Qgain(t) Heat gain caused by internal loads and other
weather factors other than Toa

Phvac(t) HVAC system power consumption
Qhvac(t) Heat transfer due to HVAC system
P equ
hvac(T, t) Equilibrium power
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P b
hvac(t) Baseline HVAC power

COP carnot(T ) Inverse Carnot efficiency
SoC(T (t)) State of charge (SoC) of VB
Pvb(t) Charging or discharging power of VB
P change
vb (t) Power to change current SoC

Pmaintain
vb (t) Power needed to maintain current SoC

L(T, t) Virtual leakage power (VLP)

Additional Notation for Discrete-Time Analysis
τ Time interval index
i Index of stages (charging, discharging, and

temperature recovery) in a VB cycle
Tτ Indoor temperature at t = τ ·∆t
Phvac,τ Average HVAC power in each time interval
Lτ VLP at t = τ ·∆t
∆Lτ Difference between Lτ and Lτ−1

η|Tτ

Tτ−1
An auxiliary variable

Pmean
vb,i Average VB power during i-th stage

Lmean
i Mean L(t) during i-th stage

Fvb Load shifting flexibility of VB
Ed Saved energy compared to the baseline dur-

ing discharging stages
Ec Absorbed energy compared to the baseline

during charging stages
Ehvac Total energy consumption of HVAC system

during a complete VB cycle
Eb Total baseline energy consumption
P b,mean
hvac,cyc Average baseline HVAC power during a

complete VB cycle
Lmean
cyc Average VLP during a complete VB cycle

Tmea
τ Measured indoor temperature at t = τ ·∆t

Lmea
τ Measured VLP at t = τ ·∆t

L̃τ Predicted VLP at t = τ ·∆t

T̃oa,τ Predicted outdoor temperature at t = τ ·∆t

T̃τ Predicted indoor temperature at t = τ ·∆t
T τ , T τ Bounds of Tτ

Lτ , Lτ Bounds of VLP at t = τ ·∆t
∆Lτ , ∆Lτ Bounds of ∆Lτ

L
mean

i , Lmean
i Bounds of average VLP during i-th stage

F vb, F vb Bounds of load shifting flexibility
tcyc Set of time intervals in a complete VB cycle
Pvar Set of time-varying values of HVAC power
Lvar Set of time-varying values of VLP
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Parameters for Analysis
s, f Start/Final time of a demand response (DR)

event
∆t Length of each time interval
Toa Outdoor temperature
τ si , τ fi Start/Final time interval in i-th stage
P b,mean
hvac,i Mean P b

hvac(t) during i-th stage
R Building thermal resistance
C Building thermal capacity
M Mass of indoor air
Tmin, Tmax Min/Max allowed indoor temperature
Tb Baseline indoor temperature setpoint
ncyc Total number of time intervals
ni Total number of time intervals in i-th stage
T set
i Indoor temperature setpoint in i-th stage

Pmin
hvac, Pmax

hvac Min/Max HVAC power consumption

Additional Parameters for Simulation
β Damper position
Cw Wall thermal capacity
R1 Thermal resistance between wall and ther-

mal zone
R2 Thermal resistance between wall and out-

doors
cair Specific heat capacity of air
Tsa Supply air temperature

I. INTRODUCTION

W ITH the increasing penetration of variable renewable
energy sources in power systems, more ancillary ser-

vices resources are needed to rectify supply-demand mismatch
in real time. Heating, ventilation, and air conditioning (HVAC)
systems in commercial buildings are ideal ancillary services
providers [1]–[3], as they can vary their power demand up
and down around their baseline, and quality of service can
be maintained owing to their large thermal energy capacity
and thermal inertia [4]. To the grid, they exhibit battery-
like characteristics and can be thought of as virtual batteries
(VBs) [5]–[8].

Energy efficiency is a critical issue for HVAC-based VBs,
as perturbations are introduced to well-functioning building
controls, affecting the total energy consumption relative to the
baseline, i.e., the power consumption would have occurred if
the building had not provided demand response (DR). The
extra energy is a cost of control to the asset owner and should
be factored into the cost of providing DR [9]. Round-trip
efficiency (RTE), which is the ratio of discharging energy to
charging energy, and additional energy consumption (AEC),
which is the sum of charging and discharging energy, are
commonly employed metrics to evaluate the efficiency of
HVAC-based VBs [9]–[11]. Note that in this work, RTE = 1
(i.e., AEC = 0) is considered as the optimal VB efficiency.
Although cases with discharging energy larger than charging
energy (i.e., RTE > 1 and AEC < 0) is efficient from an en-
ergy conservation perspective, they might significantly impact
building occupants’ comfort, which should also be factored
into the cost of providing DR. For example, simulations

in [12] show that, in summer cooling mode, an HVAC-
based VB with RTE = 1 would result in a slight increase
in the average indoor temperature during DR compared to
the baseline situation. When RTE > 1, the average indoor
temperature increase will be even larger, as less energy is
supplied for building cooling. Conversely, when RTE < 1
(i.e., AEC > 0), buildings have extra cost associated with the
additional consumption of energy. Therefore, in this work,
values of RTE (respectively, AEC) less than or greater than
1 (respectively, 0) are considered undesirable and failing to
serve mutual interests of the grid and buildings.

Energy inefficiency, indicated by RTE < 1 and AEC > 0,
has been reported in many works on HVAC-based VB experi-
ments. The authors of [9] conducted experiments by applying a
DR control strategy proposed in [13] to a 30000 m2 building at
Los Alamos National Laboratory. It was observed that the DR
actions produced positive AEC in almost all experiments, and
the average RTE was less than 0.5. Such energy inefficiency
has been shown to generally exist in HVAC-based VBs. In the
experiments reported in [10] and [11], adjusting thermostat
setpoints in several buildings on university campuses resulted
in a shift in HVAC power consumption. The observed RTE
values range from 0.34 to 0.81, indicating unsatisfactory
efficiency in most tests. In [14], [15], the authors reported
experimental results from Lawrence Berkeley National Labo-
ratory’s Facility for Low Energy eXperiments (FLEXLAB),
which showed a slight increase in energy consumption in
some cases compared to the baseline and the average indoor
temperature was observed to drop by 1 ∼ 2 ◦C.

The above reported experiments and analyses have implied
an unexplored relationship between HVAC-based VB effi-
ciency and indoor temperature trajectories (which was simply
quantified by the average indoor temperature in related works).
These studies also show that the efficiency of a VB is variable,
and there is no known method to ensure the optimal efficiency
with RTE = 1 and AEC = 0. Therefore, the aim of this
work is to explore the indoor temperature trajectory-dependent
characteristic of HVAC-based VB efficiency and develop a
method to improve the efficiency.

In the past few years, scholars have been trying to identify
factors that impact the efficiency of HVAC-based VBs and
explore efficiency-enhancing methods. Ref. [7] attributes the
inefficiency to building physics (state-dependent energy losses,
etc., which lead to actual additional energy consumption),
and inaccurate measurements (biased baseline estimates, etc.,
which lead to errors in efficiency quantification). Ref. [16]
develops a physics-based simulation model, within which the
thermostatic control system utilizes a PI controller, to simulate
HVAC power variation during load shifting DR events. It
reports RTE ranging from 0.81 to 0.94 for pre-cooling events
(i.e., virtual charging first, and then virtual discharging), and
1.05 to 1.19 for post-cooling events (i.e., virtual discharging
first, and then virtual charging). It finds that the RTE is related
to building parameters, control design, and baseline model
accuracy. To enhance the efficiency, [17] finds that faster time-
scale ancillary services leads to smaller impact on HVAC
energy consumption while still maintaining a comfortable
indoor climate. In [18], the authors conduct a simulation-based
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analysis in which the VB power is simplified to a square
wave (i.e., a charging window immediately followed by a
discharging window, or the other way around, with the same
power magnitude and duration) to provide DR service and
required energy for building temperature recovery. It is proved
that when the square wave of HVAC power is repeated n times,
in the limit where n→∞, the asymptotic RTE is 1. In another
work [12], the same authors discussed the relationship between
the average indoor temperature and RTE, but did not explore
how the indoor temperature trajectory affects the efficiency as
we do here.

In general, although there is still no consistent consensus
regarding factors affecting HVAC-based VB efficiency (as
also noted in [7]), scholars have realized the unexplored
relationship between VB efficiency and indoor temperature
trajectories through experiments [14], [15] and simulations
[12]. Therefore, this paper endeavors to reveal the indoor tem-
perature trajectory-dependent characteristic of VB efficiency
and to quantify this effect based on thermodynamic analysis.

In short, this work introduces a new concept, virtual leakage
power, to capture the influence of the indoor temperature
trajectory on HVAC-based VB efficiency, and derives the
condition and flexibility range associated with the VB’s op-
timal efficiency. This work also proposes a model predictive
control (MPC) method to enhance VB efficiency. The main
contributions are summarized as follows:

• Derive the optimal efficiency condition for HVAC-based
VBs: We show that the indoor temperature trajectory
throughout a complete VB cycle is a key factor in-
fluencing a VB’s efficiency. A novel concept termed
virtual leakage power (VLP), which can be utilized to
calculate AEC directly, is proposed for quantifying the
influence. Furthermore, we deduce that for the VB to
perfectly balance the charging and discharging energy
(i.e., achieve the optimal efficiency), the integrals of
VLP and baseline HVAC power must be equal.

• Load shifting flexibility range quantification and a con-
trol method to provide a specific amount of flexibility:
We define the flexibility of a HVAC-based VB as the av-
erage charging/discharging energy and develop a method
to evaluate the flexibility range of a VB constrained
by the optimal efficiency condition. We also propose
an MPC approach to control the HVAC-based VB and
provide a specific amount of flexibility while meeting
the optimal efficiency condition.

• Verify robustness of the theoretical analysis and pro-
posed methods to assumptions: We conduct simulations
using an HVAC-based VB model that is more practical
and detailed than the one utilized in our theoretical anal-
ysis, and the assumptions are relaxed. Numerical results
show that the average error of AEC calculated using
the proposed VLP based method is 0.018%. The pro-
posed MPC controller effectively enables load shifting
of HVAC-based VBs while keeping RTE = 1±0.0001.
That is, the simulation results validate the robustness and
applicability of our analysis and methods.

The rest of this paper is organized as follows. Section II

models the HVAC-based VB, and discusses the new concept
of VLP and how the indoor temperature trajectory affects VB
efficiency. Section III quantifies the influence of indoor tem-
perature trajectories on VB efficiency and provides a mathe-
matical derivation of the optimal VB efficiency condition. Sec-
tion IV presents a method to quantify the optimal efficiency-
constrained VB flexibility range. Section V proposes an MPC
approach for HVAC-based VBs to provide a specific amount
of load shifting. In Section VI, the robustness of our analysis
and proposed approaches are illustrated through numerical
simulations. Conclusions are provided in Section VII.

II. MODELING OF HVAC-BASED VIRTUAL BATTERIES
AND VIRTUAL LEAKAGE POWER

This section models a commercial building and its HVAC
system as a VB, and briefly discusses potential factors that
may influence VB efficiency. Without loss of generality, HVAC
systems are assumed to operate in cooling mode in this paper.

A. Thermodynamics Modeling of an HVAC-based VB

The resistor-capacitor (RC) model is widely used to describe
the thermodynamics of a commercial building with an HVAC
system [12], [18]–[20]. It can be expressed as follows:

dT

dt
=

1

M · C
· [Qheat(T (t)) +Qgain(t)−Qhvac(t)] (1)

Qheat(T (t)) =
1

R
· (Toa − T (t)) (2)

Qhvac(t) = COP (T (t)) · Phvac(t) (3)

where R represents the building structure’s thermal resistance,
C represents the building’s thermal capacitance, T (t) is the
indoor temperature which is a function of time, M is the
mass of indoor air, Qheat(T (t)) represents the exogenous heat
transfer into the building resulting from the difference between
T (t) and the outdoor temperature Toa, Qgain(t) is the heat
gain caused by internal loads and other weather factors except
outdoor temperature, Qhvac(t) is the heat transfer due to the
HVAC system, COP (T (t)) is the cooling system’s coeffi-
cient of performance which depends on T (t), and Phvac(t)
is the HVAC system power consumption. Several assump-
tions are made:

Assumption 1: Parameters M , C, and R are assumed to
be constants, given their negligible variations under building
cooling conditions [20].

Assumption 2: Toa is assumed to be constant during a short-
term DR event. (This is a common assumption in theoretical
analysis of HVAC-based VB energy efficiency, e.g., see [12],
[16], [18]. It also makes our derivations more clear. We
will relax this assumption in our case studies to verify the
robustness of our results.)

Assumption 3: To analyze the theoretical efficiency of the
HVAC-based VB, we assume that the COP is determined by
the inverse Carnot efficiency (COP carnot), which represents
the maximum theoretically-achievable efficiency according to
thermodynamics principles [20]. The value of COP carnot

varies with the indoor temperature T (t):

COP carnot(T (t)) =
T (t)

Toa − T (t)
. (4)
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The following terms are also defined to model VBs [18], [12].
Definition 1 (Charging/Discharging Power): For the exter-

nal grid, an increase or decrease of HVAC power consumption
Phvac(t) with respect to the baseline power P b

hvac(t) can be
seen as charging and discharging, respectively. Thus, we define
Pvb(t), the deviation of HVAC power from the baseline power,
as the VB’s charging or discharging power:

Pvb(t) = Phvac(t)− P b
hvac(t), (5)

where a positive value indicates a charging power, and a
negative value indicates a discharging power. The baseline
power P b

hvac(t) will be discussed in the following section.
Definition 2 (State of Charge (SoC) of HVAC-based VBs):

An HVAC-based VB operates by increasing/decreasing its
electricity consumption to decrease/increase building indoor
temperature, which also changes later electricity consumption
owing to the building’s significant thermal inertia. Thus, given
the allowed indoor temperature range [Tmin, Tmax], the SoC
for an HVAC-based VB can be defined as follows [18]:

SoC(T (t)) =
Tmax − T (t)

Tmax − Tmin
. (6)

Definition 3 (Complete VB Cycle): An HVAC-based VB
has undergone a complete cycle from start time s to final time
f , if SoC(T (s)) = SoC(T (f)) = SoC(Tb), where Tb is
the baseline temperature setpoint. The period tcyc = [s, f ] is
called a complete VB cycle. The period tcyc can be divided
into two parts, i.e., the charging time tc and the discharging
time td (tcyc = tc ∪ td). There are no requirements on
the lengths, sequences, or times of charge/discharge during
a complete VB cycle.

B. Energy Efficiency Metrics of HVAC-based VBs

Next we can introduce two commonly used metrics to
evaluate the efficiency of HVAC-based VBs. First, the round-
trip efficiency (RTE) is defined as [12], [16], [18]:

RTE =
Ed

Ec
=
−
∫
t∈td

Pvb(t) · dt∫
t∈tc

Pvb(t) · dt
, (7)

where Ed represents the saved energy compared to the baseline
during discharging stages, and Ec is the absorbed energy
compared to the baseline during charging stages.

Another metric is the additional energy consumption (AEC)
[7], [10], [11], which measures the HVAC system’s increased
energy consumption compared with its baseline:

AEC =

∫
t∈tcyc

Pvb(t) · dt. (8)

The formulation of AEC offers greater convenience for
energy efficiency analysis and derivations in this work, as
it eliminates the need to distinguish between charging and
discharging stages. As mentioned in Section I, considering
both energy conservation and building occupant comfort, we
consider AEC = 0 (i.e., RTE = 1) as the optimal efficiency
of HVAC-based VBs.

C. Dependence of VB Power on the Temperature Trajectory

As mentioned in Section I, there is a correlation between
the efficiency of HVAC-based VBs and the trajectory of
indoor temperature. However, a mathematical explanation is
still lacking. In this subsection, we first explore how indoor
temperature trajectory affects VB power (i.e., the influence of
both T (t) and dT/dt on Pvb(t)), since the AEC is calculated
by integrating Pvb(t) as shown in (8).

Based on Assumptions 1-3 and substituting (3) into (1), we
obtain the relationship between the HVAC power consumption
and the building’s thermodynamics:

Phvac(t) =
−M · C · dTdt

COP carnot(T (t))
+

Qheat(T (t)) +Qgain(t)

COP carnot(T (t))
.

(9)
To derive the condition for an HVAC system to reach its

equilibrium state (maintaining the indoor temperature at a
fixed value), we set dT/dt = 0 and substitute (2) and (4)
into (9) to obtain:

P equ
hvac(T, t) =

(Toa − T (t))
2

R · T (t)
+

Toa − T (t)

T (t)
·Qgain(t). (10)

This means that the HVAC system needs to consume the
equilibrium power, P equ

hvac(T, t), to maintain the current indoor
temperature. As shown in (10), the equilibrium power depends
on the indoor temperature T (t) (or the SoC) and Qgain(t).

Based on (2) and (10), the equilibrium power is equal in
quantity to the power required to counterbalance Qheat(T (t))
and Qgain(t) at time t. In other words, there is a portion of the
electricity charged into the VB that is not used to change the
SoC but rather consumed to counteract the natural loss (similar
to the leakage of a traditional battery). Therefore, we define a
new concept termed virtual leakage power (VLP) for HVAC-
based VBs.

Definition 4 (Virtual Leakage Power): We define L(T, t)
as an HVAC-based VB’s VLP at time t when the indoor
temperature is T , which can be determined by:

L(T, t) = P equ
hvac(T, t). (11)

Additionally, the baseline power of an HVAC-based
VB can be defined as the VLP at the baseline temperature set-
point [18].

Definition 5 (Baseline Power): The baseline power P b
hvac(t)

is the power consumed to maintain the baseline temperature
setpoint Tb:

P b
hvac(Tb, t) =

(Toa − Tb)
2

R · Tb
+

Toa − Tb

Tb
·Qgain(t), (12)

which varies according to changes in Qgain(t).
With the introduction of VLP, (5) can be modified to:

Pvb(t) =
−M · C · dTdt

COP carnot(T (t))
+ L(T, t)− P b

hvac(Tb, t). (13)

From the perspective of conservation of energy, the real-
time charging/discharging power Pvb(t) of an HVAC-based
VB is composed of P change

vb (t), the power to change the current
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SoC, and Pmaintain
vb (t), the power to maintain the current SoC,

i.e.,

Pvb(t) = P change
vb (t) + Pmaintain

vb (t), (14a)

P change
vb (t) =

−M · C · dTdt
COP carnot(T (t))

, (14b)

Pmaintain
vb (t) = L(T, t)− P b

hvac(Tb, t). (14c)

Both P change
vb (t) and Pmaintain

vb (t) can be positive, negative, or
zero. As indicated in (14b), P change

vb (t) is primarily influenced
by the rate of change of indoor temperature, dT/dt, since the
variation in COPcarnot within the indoor temperature comfort
range is relatively small [16], [18]. In contrast, according to
(10), (11), and (14c), Pmaintain

vb (t) depends on T (t). A visual
representation of these relationships is provided in Fig. 1.
As shown, the sign of P change

vb (t) (green line in Fig. 1(b))
is opposite that of dT/dt (red line in Fig. 1(c)). Similarly,
the rate of change of Pmaintain

vb (t), denoted dPmaintain
vb (t)/dt

(orange line in Fig. 1(c)), exhibits an inverse relationship with
dT/dt. Consequently, the integral values of these power com-
ponents are determined by the indoor temperature trajectory.
As indicated by (7) and (8), the VB efficiency is a function
of the integrals of charging and discharging power throughout
a complete VB cycle. Therefore, it can be inferred that the
efficiency of a VB is affected by the temperature trajectory.
The following analysis will quantify this effect and provide
the condition for achieving the optimal VB efficiency.

III. ANALYTICAL ANALYSIS OF THE EFFICIENCY OF
HVAC-BASED VIRTUAL BATTERIES

A. Influence of Indoor Temperature Trajectory on AEC

As shown by (7) and (8), the efficiency can be evaluated
from the known HVAC power variation throughout a com-
plete VB cycle. The power variation depends on the indoor
temperature trajectory T (t), which is influenced by external
perturbations (e.g., Qgain(t)), setpoint changes, and the used
control strategy. Researchers often make simplifications by as-
suming fixed power changes (e.g., square-wave HVAC power
consumption in [12] and [18]) or fixed control strategies (e.g.,
PI controller with no external perturbations in [16]).

Additionally, in all existing relevant analyses (e.g., [12],
[16], [18]), specific indoor temperature trajectories are explic-
itly or implicitly assumed. As mentioned in Section II, the
efficiency of HVAC-based VBs highly depends on the temper-
ature trajectory. Thus, analyses relaxing such assumptions are
needed to attain results that are robust against different control
strategies, setpoint changes, and external perturbations.

In this work, we do not assume specific HVAC power
variations or indoor temperature trajectories. This will help to
improve the generality of our AEC analysis and derivation.
Specifically, using numerical integration, we calculate and
accumulate the approximated integrals of Pvb(t) over sub-
intervals within a complete cycle of HVAC-based VBs.

First, the entire integral domain tcyc is divided into N sub-
intervals, where N is an infinitely large positive integer. Thus,
let {tτ} be a partition of [s, f ] with regular spacing (i.e., s =
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Time (h)
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Fig. 1. An illustration of the relationship between Pvb(t), P change
vb (t),

and Pmaintain
vb (t). In this example, RTE = 0.88, AEC = 13.69 kWh,∫

Pmaintain
vb (t) · dt = 13.69 kWh, and

∫
P change
vb (t) · dt = 0.00 kWh.

t0 < t1 < · · · < tτ < · · · < tN−1 < tN = f ). Then, we
obtain:

AEC =

∫ f

s

Pvb(t) · dt =
N∑

τ=1

∫ tτ

tτ−1

Pvb(t) · dt. (15)

The next step is to find a quantity ∆Eτ to approximate∫ tτ
tτ−1

Pvb(t) · dt such that
∫ f

s
Pvb(t) · dt ≈

N∑
τ=1

∆Eτ [21].

We use the trapezoidal integration, to construct ∆Eτ . The
error caused by this approximate integration method has been
proven to be sufficiently small for N →∞ [22]. Thus, based
on (13), we have:∫ tτ

tτ−1

Pvb(t) · dt

=

∫ tτ

tτ−1

−M · C · dTdt
COP carnot(T (t))

· dt+
∫ tτ

tτ−1

[
L(t)− P b

hvac(t)
]
· dt

≈−M · C · η|Tτ

Tτ−1
+

∫ tτ

tτ−1

[
L(t)− P b

hvac(t)
]
· dt = ∆Eτ ,

(16)

where Tτ−1 and Tτ are the indoor temperatures at tτ−1 and
tτ , respectively, and η|Tτ

Tτ−1
serves as an auxiliary variable to

simplify the expression:

η|Tτ

Tτ−1
= Toa · ln

Tτ

Tτ−1
− (Tτ − Tτ−1). (17)
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A more detailed derivation of (16)-(17) is provided in our
online appendix [23].

Based on (15) and (16), and assuming an indoor temper-
ature trajectory with both an initial temperature and final
temperature associated with a complete VB cycle of Tb (see
Definition 3), the AEC can be further expressed as:

AEC =−M · C ·
N∑

τ=1

η|Tτ

Tτ−1

+

N∑
τ=1

∫ tτ

tτ−1

[
L(t)− P b

hvac(t)
]
· dt,

T0 = TN = Tb.

(18)

Substituting (17) into (18), the first term of the right side of
(18) is shown to be zero:

−M ·C ·
N∑

τ=1

η|Tτ

Tτ−1
= −M · C ·

[
Toa · ln

TN

T0
− (TN − T0)

]
= −M · C ·

[
Toa · ln

Tb

Tb
− (Tb − Tb)

]
= 0

(19)
Then (18) is reduced to:

AEC =

N∑
τ=1

∫ tτ

tτ−1

[
L(t)− P b

hvac(t)
]
· dt, T0 = TN = Tb,

(20)
and based on (14b), (16), (17) and (19), we have:∫
t∈tcyc

P change
vb (t) · dt =

∫
t∈tcyc

−M · C · dTdt
COP carnot(T (t))

· dt = 0.

(21)
This implies that, although COP carnot(T (t)) is not constant
(as indicated by (4), which shows that HVAC systems con-
sume less power at high indoor temperatures than at low
indoor temperatures to provide the same cooling capacity), its
temperature-dependent variation has no direct effect on VB
efficiency, which is also illustrated in Fig. 1.

Thus, based on (14c), and substituting (10) and (11) into
(20), we obtain:

AEC =

∫
t∈tcyc

Pmaintain
vb (t) · dt

=

∫
t∈tcyc

[
L(T (t), t)− P b

hvac(Tb, t)
]
· dt

=

∫
t∈tcyc

[ (
T 2
oa

R + Toa ·Qgain(t)
)
·
(

1
T (t) −

1
Tb

)
+ 1

R · (T (t)− Tb)

]
· dt.

(22)
As indicated by the third line of (22), in a complete VB cycle,
the indoor temperature trajectory T (t) is the only internally
controllable factor impacting VB efficiency, as all other param-
eters are fixed or externally determined. As indicated by the
second line of (22), the influence of the indoor temperature
trajectory on the AEC can be quantified by integrating the
difference between the temperature-dependent VLP and the
baseline HVAC power.

B. Condition to Achieve the Optimal VB Efficiency

The condition for an HVAC-based VB to achieve the
optimal efficiency can be derived by setting AEC = 0 in (22).
By introducing

Lmean
cyc =

∫ f

s
L(T (t), t) · dt
(f − s)

(23)

to represent the average VLP during [s, f ], and

P b,mean
hvac,cyc =

∫ f

s
P b
hvac(Tb, t) · dt
(f − s)

(24)

to represent the average baseline HVAC power during [s, f ],
the optimal VB efficiency condition can be represented as:

Lmean
cyc = P b,mean

hvac,cyc. (25)

In general, the condition for an HVAC-based VB to achieve
the optimal efficiency (i.e., AEC = 0 and RTE = 1) is that the
difference between the integrals of VLP and baseline power
throughout the complete VB cycle equals zero. To simplify the
expression for practical engineering applications, we express
this condition as their respective means being equal (i.e., (25)).

As shown in (14), the VB power Pvb(t) is determined
by dT/dt and T (t), also indicating impacts of the indoor
temperature trajectory on the HVAC power variation. There-
fore, by designing a specific indoor temperature trajectory that
meets (25) and controlling the HVAC system according to
this temperature trajectory, an optimal efficiency-constrained
VB, which also can provide specific power variations, can be
attained. More details are given in Sections IV and V.

C. Energy Inefficiency of Violating the Optimal Condition

The impact of failing to meet the above optimal VB effi-
ciency condition should also be analyzed to evaluate the effi-
ciency loss associated with unconstrained indoor temperature
trajectories. We first define the leakage deviation ratio (LDR)
to quantify the deviation between the average VLP and average
baseline HVAC power:

LDR =

∫ f

s
L(T (t), t) · dt∫ f

s
P b
hvac(Tb, t) · dt

=
Lmean
cyc

P b,mean
hvac,cyc

. (26)

Then, by denoting Ehvac as the total HVAC energy consump-
tion during a complete VB cycle, and Eb as the total HVAC
energy consumption associated with the baseline (i.e., if no
VB service is provided), we can determine the relationship
between LDR and HVAC energy consumption:

LDR =
AEC

P b,mean
hvac,cyc · (f − s)

+ 1 =
Ehvac

Eb
, (27)

which implies that, during a complete VB cycle, if the average
VLP changes by a specific percentage relative to the average
baseline HVAC power, the total HVAC energy consumption
changes by the same percentage compared to the total HVAC
energy consumption associated with the baseline.
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Fig. 2. Relationship between the defined flexibility and HVAC-based VB
power variations (using the Up-Down load shifting event as an example).

IV. OPTIMAL EFFICIENCY-CONSTRAINED FLEXIBILITY
RANGE OF HVAC-BASED VBS

We have shown that the indoor temperature trajectory can
be steered to achieve the optimal efficiency of HVAC-based
VBs. In this section, we characterize the flexibility of a VB
constrained by AEC = 0 and RTE = 1, and present a method
to quantify the range of this flexibility. Here, we assume that
tcyc is evenly divided into ncyc time intervals with fixed length
∆t. Let Tτ represent the indoor temperature at t = τ · ∆t,
where τ = 1, 2, ..., ncyc. For each interval [(τ − 1) · ∆t, τ ·
∆t], let Phvac,τ denote the constant power consumption of the
HVAC system.
A. VB Flexibility Constrained by the Optimal Efficiency

The analysis in Sections II and III does not presume
any specific charging/discharging behaviors (i.e., lengths, se-
quences or times of charging/discharging) within a complete
VB cycle. Still, to align with existing studies and practice, the
analysis and method here are based on a type of HVAC-based
VB control shown in Fig. 2. It features two equal-length stages
for charging and discharging, as well as a final recovery stage
returning the indoor temperature to Tb. The event of charging
(respectively, discharging) and then discharging (respectively,
charging) is called “Up-Down” (respectively, “Down-Up”).

Thus, a complete VB cycle can be divided into three stages
(n1+n2+n3 = ncyc in Fig. 2). The i-th stage has ni intervals.
Denote T set

i as the indoor temperature setpoint during the i-th
stage, and T set

3 = Tb. Let τ si and τ fi be the start time index
and the final time index of the i-th stage, respectively. Then:

τ s1 = 1, τ f1 = n1;

τ s2 = n1 + 1, τ f2 = n1 + n2;

τ s3 = n1 + n2 + 1, τ f3 = n1 + n2 + n3 = ncyc.

(28)

The load shifting ability of an HVAC-based VB can be
characterized by the average charging/discharging power in
each of the three stages of a complete VB cycle (i.e.,[
(τ si − 1) ·∆t, τ fi ·∆t

]
, i = 1, 2, 3). Therefore, based on (16)

and (17), we formulate the average VB power during the i-th
stage:

Pmean
vb,i =− M · C

ni ·∆t

[
Toa · ln

(
Tτ f

i

Tτs
i−1

)
− (Tτ f

i
− Tτs

i−1)

]
+ (Lmean

i − P b,mean
hvac,i ), i = 1, 2, 3

(29)

where Lmean
i and P b,mean

hvac,i represent the mean L(t) and the
mean P b

hvac(t) during the i-th stage, respectively.
As shown in Fig. 2, for an HVAC-based VB constrained by

the optimal efficiency (i.e., AEC = 0 and RTE = 1), we have∣∣∣Pmean
vb,2 · n2 ·∆t

∣∣∣ =
∣∣∣Pmean

vb,1 · n1 ·∆t+ Pmean
vb,3 · n3 ·∆t

∣∣∣.
Thus, we propose the metric:

Fvb =
∣∣Pmean

vb,2 · n2 ·∆t
∣∣ (30)

to assess the flexibility of an HVAC-based VB in providing
load shifting under the optimal efficiency condition.

B. VB Flexibility Range Constrained by the Optimal Efficiency

It can be inferred from (29) and (30) that, for a given
scenario (i.e., for known variations of Toa and Qgain(t)), and
assuming that the indoor temperature approaches the new
setpoint in time with a well-developed MPC strategy (i.e.,
Tτ f

1
= T set

1 , Tτ f
2
= T set

2 , and Tτ f
3
= T set

3 = Tb), Fvb is
determined by the absolute value of Lmean

2 − P b,mean
hvac,2 . Thus,

a feasible range of load shifting for an HVAC-based VB
constrained by the optimal efficiency can be derived. We refer
to this range as the VB flexibility range

[
F vb, F vb

]
.

An HVAC-based VB’s maximum load shifting flexibility,
F vb, can be obtained by solving:

max (Lmean
2 − P b,mean

hvac,2 )2 (31a)

s.t.

3∑
i=1

ni

ncyc
· Lmean

i = P b,mean
hvac,cyc, (31b)

Lmean
i ≤ Lmean

i ≤ L
mean

i , i = 1, 2, 3, (31c)

where (31b) is a reformulation of the optimal VB efficiency
condition (25), and (31c) bounds Lmean

i by factors including
HVAC power limits, indoor temperature change rate, and
feasible region of the temperature trajectory. More details
about (31c) are presented in the Appendix. After solving (31),
F vb can be computed with (29) and (30).

To obtain F vb, we solve the following problem:

min (Lmean
2 − P b,mean

hvac,2 )2

s.t. (31b), (31c).
(32)

In general, the range of Lmean
2 for ensuring AEC = 0

and RTE = 1, which is a subset of
[
Lmean
2 , L

mean

2

]
, can be

obtained by solving (31) and (32). The HVAC-based VB’s load
shifting flexibility range,

[
F vb, F vb

]
, then can be computed

with (29) and (30). Any Fvb within this range is feasible and
can be achieved by controlling the temperature trajectory to
satisfy the corresponding values of Lmean

1 , Lmean
2 and Lmean

3

in the solution, while ensuring AEC = 0 and RTE = 1.

V. OPTIMAL EFFICIENCY-CONSTRAINED MPC CONTROL
FOR PROVIDING A SPECIFIC AMOUNT OF VB FLEXIBILITY

After obtaining the flexibility range of an HVAC-based VB,
any specific amount of load shifting in this range can be
provided. To achieve that, first, the corresponding optimal VLP
trajectory (or equivalently, indoor temperature trajectory) is
generated. Second, the corresponding optimal HVAC power
trajectory, obtained via MPC, is solved.
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Fig. 3. An example to illustrate the approximated piecewise linear VLP
trajectory in the first stage of a complete VB cycle (i.e., [0, n1 · ∆t], when
the temperature setpoint is decreased from Tb to T set

1 ).

A. Determining the Trajectory of Virtual Leakage Power

The VLP trajectory Lvar =
{
L∗
0, · · · , L∗

ncyc

}
, where L∗

τ

is the optimal value of Lτ (explained later), can provide a
specific amount of load shifting (i.e., a given value of Fvb)
while maintaining the optimal efficiency. The determination of
this trajectory involves three key steps:

Step 1: Inputting a given Fvb to (29) and (30) gives Lmean,∗
2 ,

i.e., the target mean VLP in the second stage of the VB
cycle. Then, we obtain Lmean,∗

1 and Lmean,∗
3 , i.e., the optimal

efficiency-constrained values of Lmean
1 and Lmean

3 , by solving:

min

(
3∑

i=1

Lmean
i · ni − P b,mean

hvac,cyc · ncyc

)2

(33a)

s.t. Lmean
2 = Lmean,∗

2 (33b)

Lmean
i ≤ Lmean

i ≤ L
mean

i , i = 1, 3 (33c)

where (33a) minimizes the violation of the optimal VB effi-
ciency condition (25), and (33c) is similar to (31c).

Step 2: We next compute the target VLP trajectories for
stages 1, 2 and 3 in a VB cycle, based on Lmean,∗

1 , Lmean,∗
2 ,

and Lmean,∗
3 obtained in Step 1. The relationship between L(t)

and Phvac(t) is highly nonlinear and non-convex. Therefore,
we approximate the VLP trajectory with a piecewise linear
function. Fig. 3 shows an example for the first stage of
a complete VB cycle. Let Lτ be the VLP value at time
t = τ · ∆t. Then, the integral of L(t) over the τ -th interval
is approximated by (Lτ−1 + Lτ ) · ∆t/2, and the resulting
maximum error is |(Lτ−1 − Lτ ) ·∆t/2| since L(t) is mono-
tonic in each interval (which is implied by (1), (10) and
(11)). For commercial buildings, the change magnitude of the
VLP in each interval (i.e., |Lτ−1 − Lτ |) is relatively small,
so when ∆t conforms to a certain range, the error caused by
the approximation can be ignored. The effectiveness of the
proposed method is demonstrated in Section VI.

Let Lvar,i =
{
L∗
τs
i
, · · · , L∗

τ f
i

}
be the target VLP trajectory

for the i-th stage of a VB cycle. It is obtained by solving:

min

 1

ni
·

 τ f
i∑

τ=τs
i

Lτ−1 + Lτ

2

− Lmean,∗
i

2

(34a)

s.t. Lτ = Lτs
i−1 +

τ∑
k=τs

i

∆Lk, τ = τ si , · · · , τ fi (34b)

∆Lτ ≤ ∆Lτ ≤ ∆Lτ , τ = τ si , · · · , τ fi (34c)

Lτ ≤ Lτ ≤ Lτ , τ = τ si , · · · , τ fi (34d)
Lτs

1−1 = L(Tb), Lτ f
1
= L(T set

1 ) (34e)

Lτs
2−1 = L(T set

1 ), Lτ f
2
= L(T set

2 ) (34f)

Lτs
3−1 = L(T set

2 ), Lτ f
3
= L(Tb), (34g)

where ∆Lτ is the value of VLP increment at the τ -th time
interval (see Fig. 3) and L(Tb), L(T set

1 ), and L(T set
2 ) are the

VLP values corresponding to Tb, T set
1 , and T set

2 , respectively.
The objective function (34a) makes the mean value of Lvar,i

approach the target value Lmean,∗
i ; (34b) expresses the vari-

ation of Lτ ; (34c) and (34d) ensure that the VLP trajectory,
constrained by power and other limits, can be achieved (more
details are in the Appendix); (34e), (34f) and (34g) define
boundary conditions for the problems associated with the first,
second, and third stages of a VB cycle, respectively.

Step 3: Finally, we obtain VLP variations over the complete
VB cycle:

Lvar = Lvar,1 ∪ Lvar,2 ∪ Lvar,3 =
{
L∗
0, · · · , L∗

ncyc

}
. (35)

B. Determining MPC-based HVAC Power Variations

We develop an MPC method to determine the HVAC
power trajectory, so that the mean VLP in each time interval
[(τ − 1) ·∆t, τ ·∆t] approaches (L∗

τ−1 +L∗
τ )/2. In this way,

the VB provides the targeted amount of load shifting (i.e., the
given value of Fvb), while ensuring AEC = 0 and RTE = 1.

Let Tmea
τ−1 and Lmea

τ−1 be the measured indoor temperature and
corresponding VLP value at the previous time step t = (τ −
1) ·∆t, respectively. The MPC is implemented by solving the
following problem that determines Phvac,τ , i.e., HVAC power
in the next time interval:

min

(
Lmea
τ−1 + L̃τ

2
−

L∗
τ−1 + L∗

τ

2

)2

(36a)

s.t. L̃τ =
T̃oa,τ − T̃τ

R · COP
+

1

COP
·Qgain(τ ·∆t) (36b)

Phvac,τ = −M · C ·
T̃τ − Tmea

τ−1

COP ·∆t
+

Lmea
τ−1 + L̃τ

2
(36c)

Pmin
hvac ≤ Phvac,τ ≤ Pmax

hvac , (36d)

where L̃τ is the predicted VLP, T̃oa,τ is the predicted outdoor
temperature, and T̃τ is the predicted indoor temperature at
t = τ · ∆t. The Carnot efficiency can not be attained in
engineering applications. Thus, we use a constant COP to
replace COPcarnot(T (t)), as in [1]–[7]. Eqn. (36b) computes
the predicted VLP, (36c) specifies the relationship between
Phvac,τ and L̃τ (and, equivalently, T̃τ ), and (36d) enforces
HVAC power limits. By solving (36) in each time step, we
obtain Pvar = {P ∗

hvac,1, · · · , P ∗
hvac,ncyc

}, i.e., an MPC-based
HVAC power trajectory over the complete VB cycle, which
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TABLE I
THERMAL ZONE AND HVAC PARAMETERS

Parameter Value Parameter Value

HVAC β 0.4 Tsa 16◦C

Thermal
zone

C 3.4e3J/◦C Cw 5.1e3J/◦C

R1 1e-5◦C/W R2 1.3e-3◦C/W

Constants cair 1014.5J/(kg◦C) ∆t 60 s

0 20 40 60 80 100 120
Time (mins)
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Fig. 4. An example of the outdoor temperature and Qgain used in simulations.

provides the desired amount of load shifting (i.e., the given
value of Fvb) while keeping AEC = 0 and RTE = 1.

VI. NUMERICAL VERIFICATION

To verify the robustness and effectiveness of our results and
methods, we conduct simulations using a more detailed and
practical model of buildings and HVAC systems (details in our
online Appendix [23]). Assumptions 2 and 3 are also relaxed
here. We use the Monte Carlo method to randomly generate
1000 scenarios, which are distinguished by different real-time
perturbations (i.e., different time-varying Toa(t) and Qgain(t)).
One example is shown in Fig. 4. We set T set

1 = 23 ◦C, T set
2 =

21 ◦C, T set
3 = Tb = 22 ◦C for Down-Up load shifting events,

and T set
1 = 21 ◦C, T set

2 = 23 ◦C, T set
3 = Tb = 22 ◦C for Up-

Down load shifting events. We set ∆t = 1 min. The duration
of each stage in a VB cycle is the same. That is, n1 = n2 =
n3 = 30, and ni ·∆t = 30 mins for i = 1, 2, 3. The building
and HVAC system parameters are summarized in Table I.

A. Robustness of the Theoretical Optimal Efficiency Analysis

In this subsection, we use a PI controller to regulate
the HVAC power according to the difference between the
temperature setpoint and indoor temperature. PI control is a
commonly used method in HVAC systems. Therefore, our
results represent a simulation of an existing HVAC system,
and we use these results to provide the raw data to verify
the conclusions from Section III, as well as to serve as a
benchmark for us to evaluate the effectiveness of the methods
described in Sections IV and V.

For each scenario, both Up-Down and Down-Up events
are simulated. All results are shown in Fig. 5. Note that the
PI controller does not guarantee that the indoor temperature
reaches its setpoint in a specific time period, as perturbations
in the simulations are random. Thus, to meet the definition of
a complete VB cycle (i.e., Definition 3), in this subsection we

Fig. 5. Results of 2000 simulations: (a) Up-Down; (b) Down-Up.

TABLE II
INDOOR TEMPERATURE TRAJECTORY-DEPENDENT AEC AND RTE

ERROR ANALYSIS

Summary
Statistics

Maximum Minimum Average Standard Deviation

0.278% 0.000% 0.018% 3.49× 10−4%

Most
Extreme

Cases

Event Type RTE AEC1

(kWh)
AEC2

(kWh) Error

Up-Down
1.2761 -1.4217 -1.4208 0.063%

0.5793 2.3234 2.3250 0.072%

Down-Up
1.1918 -0.9168 -0.9173 0.050%

0.5813 3.3419 3.3415 0.013%

Note: AEC1 is calculated by (8), and AEC2 is calculated by (22);
Error is calculated by |AEC1 −AEC2|/|AEC1| × 100%.

extend the temperature recovery stage (i.e., the third stage in a
VB cycle) by 15 mins during which the HVAC power is set to
the baseline (i.e, P b

hvac), so that the indoor temperature returns
to Tb by the end (see the light green area in Fig. 5). This has
no impact on the efficiency analysis, as Pvb(t) remains 0 for
these 15 mins.

The HVAC-based VB efficiency is affected by the indoor
temperature trajectory, as discussed in Section III. Thus, we
can use simulated time-series data of indoor temperature and
HVAC power (as shown in Fig. 5) to verify the relationship be-
tween VB efficiency and indoor temperature trajectory. If such
a relationship exists, we can also determine if our computation
method (i.e., (22)) accurately quantifies this relationship.

1) Verifying the indoor temperature trajectory-dependent
characteristic of VB efficiency: We calculate AEC using two
methods: first, using (8) (which is the definition of AEC) based
on simulated HVAC power data; second, using (22) (which
indicates that the indoor temperature trajectory determines the
AEC) using simulated temperature data. If the error between
AEC values calculated by these two methods for each event
is sufficiently small, the correctness of our derived indoor
temperature trajectory-dependent VB efficiency is verified.
Table II shows the summary statistics for the percentage error
between the two AEC computation methods. The average
error is less than 0.02% and so can be neglected even in the
most extreme cases. These results demonstrate that, even if
Assumptions 2 and 3 are relaxed and the simulation model
differs from our theoretical analysis model (1)-(4), our analysis
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TABLE III
VERIFICATION OF THE OPTIMAL EFFICIENCY CONDITION

Event Type RTE
∫
Pb
hvac(t) · dt

(=Ehvac, kWh)
Ec

(kWh)
Ed

(kWh) LDR

Up-Down

0.9994 83.668 54.95 54.91 1.0011
0.9999 83.665 59.71 59.70 1.0010
1.0008 83.487 59.04 59.09 0.9989
1.0001 83.504 56.55 56.55 0.9991
0.9993 83.668 56.00 55.96 1.0011

Down-Up

0.9992 83.670 61.89 61.84 1.0011
0.9999 83.665 56.36 56.35 1.0010
1.0007 83.480 54.38 54.42 0.9988
1.0000 83.615 60.59 60.59 1.0004

of the impact of indoor temperature trajectory on HVAC-
based VB efficiency remains robust, and this impact can be
accurately quantified by the proposed VLP based method.

2) Verifying the optimal efficiency condition: We further an-
alyze the existence of specific indoor temperature trajectories
that make the VB exhibit the optimal efficiency (AEC = 0 and
RTE = 1). Out of 2000 simulations, 9 events achieve nearly
the optimal VB efficiency (i.e., 1−10−3 < RTE < 1+10−3,
where we allow a small numerical error tolerance). We also
calculate the LDR (as shown by (26), LDR quantifies the
difference between the average VLP and average baseline
HVAC power, i.e., the deviation from the optimal VB effi-
ciency condition). Considering numerical errors, we assume
1− 10−3 < LDR < 1 + 10−3 achieves the optimal efficiency
condition. Results are shown in Table III. In these events,
LDR = 1 corresponds to RTE = 1, and vice versa. The
results verify the correctness of the optimal VB efficiency
condition, stating that an HVAC-based VB exhibits RTE = 1
(and equivalently, AEC = 0) if and only if the integrals of
the VLP and the baseline HVAC power over the complete VB
cycle are the same.

3) Efficiency loss caused by violating the optimal efficiency
condition: We also examine the impact of different indoor
temperature trajectories on VB efficiency. Fig. 6 quantifies the
efficiency loss caused by indoor temperature trajectories that
are not constrained by the optimal efficiency condition (i.e.,
LDR ̸= 1). As shown in Fig. 6(a), the Pearson correlation co-
efficient (r) between LDR and (Eb+AEC)/Eb (= Ehvac/Eb,
i.e., the HVAC energy consumption when providing load
shifting relative to the baseline consumption) is 0.99999. This
verifies (27); that is, an unconstrained indoor temperature
trajectory results in LDR ̸= 1, and further leads to inefficient
behavior of HVAC-based VBs. Furthermore, Fig. 6(b) illus-
trates an approximately linear relationship between LDR and
RTE. Specifically, a 1% increase in the average VLP relative
to the average baseline HVAC power results in a nearly 10%
decrease of the RTE (or equivalently, a nearly 10% decrease in
Ed relative to Ec; see (7)). That is, a slight change in the VLP
variation (or equivalently, the indoor temperature trajectory)
within the VB cycle significantly influences the efficiency.

4) Applicability to Multi-Zone Commercial Buildings: To
simplify the derivation in Section III, the entire commercial
building is modeled as a single-zone equivalent system. When
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c
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(a) Relationship between LDR and AEC
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Eb )

1.00 1.01 1.02 1.03
Leakage Deviation Ratio (LDR)

0.7

0.8

0.9

1.0

1.1

RT
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(b) Relationship between LDR and RTE
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Fig. 6. The relationship between HVAC-based VB efficiency and the optimal
efficiency condition.

extending this analysis to an individual zone within a multi-
zone commercial building, the primary distinction lies in the
presence of inter-zone heat transfer. For each zone, this inter-
zone heat transfer can be incorporated into the term Qgain.
Since Qgain is treated as an arbitrary input in our theoretical
analysis, the inclusion of these heat transfer terms does not
alter the analytical results. Therefore, the theoretical conclu-
sions derived from the single-zone model remain valid for each
zone in a multi-zone building, provided that inter-zone heat
transfer is appropriately accounted for in Qgain. Furthermore,
when analyzing the overall energy efficiency of a multi-zone
commercial building participating in DR services, there are
two possible approaches. One approach is to aggregate the
results obtained from analyzing each individual zone. Alter-
natively, the overall VLP of the building can be determined
by first calculating the average temperature of the entire
building, where the temperatures of all zones are weighted
according to their respective thermal capacitances. Although
an analytical explanation for the second approach has not
yet been established, our simulation results demonstrate its
correctness and feasibility. Specifically, we conducted 2000
VB simulations on a two-zone HVAC system, where each zone
is modeled as a 2R2C network, as illustrated in Fig. 7. The
simulation results consistently show that, within any VB cycle,
the integral of the overall VLP is equal to the total additional
energy consumption, i.e., AEC =

∫ [
L(t)− P b

hvac(t)
]
· dt (or

equivalently, LDR = (Eb +AEC)/Eb).

B. Effectiveness of Quantifying the Optimal Efficiency-
Constrained Flexibility Range

The load shifting flexibility ranges of the HVAC-based
VB in 1000 scenarios are quantified using the method in
Section IV. The results are shown in Fig. 8. In each sce-
nario, P b,mean

hvac,cyc varies, causing changes to the flexibility
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Fig. 7. Verification of the optimal efficiency condition for a two-zone com-
mercial building HVAC system. (The LDR is calculated using the weighted
average indoor temperature.)
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Fig. 8. Load shifting flexibility ranges of the HVAC-based VB under different
scenarios.

range
[
F vb, F vb

]
(which is also affected by variations of

Toa(t), Qgain(t), etc.). Interestingly, the Down-Up load shift-
ing flexibility range is typically larger than the Up-Down
flexibility range. This is because, in cooling mode, the max-
imum decreasing rate of indoor temperature is faster than
the maximum increasing rate. Thus, the maximum value of
|Lmean

2 −P b,mean
hvac,2 | for a Down-Up event is greater than that for

an Up-Down event. This difference leads to Down-Up events
having a larger flexibility range, as Fvb is largely determined
by |Lmean

2 − P b,mean
hvac,2 | (as discussed in Section IV).

Furthermore, the results in Fig. 8 demonstrate that the
flexibility range varies across different scenarios. Therefore,
we analyze the influence of both Toa and Qgain variations
on the flexibility range, using their average values to distin-
guish between scenarios. Fig. 8 also shows a nearly linear
relationship between the flexibility range and the average Toa

TABLE IV
PEARSON CORRELATION ANALYSIS OF FLEXIBILITY RANGE AND

UNCERTAIN PARAMETERS

Event Types Parameter Correlation (r) P-value Significance

Up-Down
Avg. Toa 0.9796 < 10−10 Yes

Avg. Qgain 0.5773 < 10−10 Yes

Down-Up
Avg. Toa 0.7071 < 10−10 Yes

Avg. Qgain 0.1413 < 10−5 Yes

or Qgain.
Thus, we conduct Pearson correlation analysis (presented

in Table IV) to further characterize these relationships across
different event types. The analysis reveals distinct patterns
in how the flexibility range responds to different uncertain
parameters under various event types. Overall, the flexibility
range exhibits a higher sensitivity to uncertainties in Toa

than to uncertainties in Qgain. This sensitivity is especially
pronounced in Up-Down events, where the flexibility range is
strongly influenced by changes in Toa, while its response to
Qgain is more moderate. For Down-Up events, the flexibility
range still shows some sensitivity to Toa, but its dependence
on Qgain becomes even weaker. These results indicate that,
regardless of event type, Toa is the primary factor affecting the
flexibility range, whereas the impact of Qgain is relatively lim-
ited. Moreover, the degree of sensitivity to these uncertainties
varies between event types, with Up-Down events generally
exhibiting greater overall sensitivity than Down-Up events. All
observed trends are statistically significant.

C. Effectiveness of Providing a Specific Amount of Load Shift-
ing Constrained by the Optimal Efficiency Condition

To test our MPC method, for each scenario, we implement
it 100 times, each providing a specific amount of Up-Down
or Down-Up load shifting within the flexibility range. Fig. 9
shows the power variations and indoor temperature trajecto-
ries under one scenario. First, the proposed MPC controller
effectively responds to setpoint changes and ensures that the
temperature reaches the new setpoint in time. Second, as
shown in Fig. 10, for both Down-Up and Up-Down events,
our MPC method achieves RTE values that are always within
[1− 1.0× 10−4, 1 + 1.0× 10−4]. That is, the proposed MPC
method is able to provide a required amount of load shifting
while maintaining the optimal efficiency.

D. Implications of Imprecise Building Parameters

The principal challenge in implementing the proposed ap-
proach is the difficulty in acquiring the precise parameters
needed for the VLP formula, since accurate building char-
acteristics are often hard to obtain in specific commercial
buildings. Nevertheless, we have observed that VLP de-
creases monotonically with increasing indoor temperature.
Consequently, the optimal efficiency condition, Lmean

cyc =

P b,mean
hvac,cyc, can be approximated by maintaining the aver-

age indoor temperature (
∫ f

s
T (t) · dt/(f − s)) close to the
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Fig. 9. Trajectories of the HVAC power and indoor temperature, correspond-
ing to events using our MPC method to provide specific amounts of load
shifting while ensuring RTE = 1 and AEC = 0.
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Fig. 10. Statistics of the VB’s efficiency, corresponding to events using our
MPC method to provide specific amounts of load shifting.

baseline temperature (Tb) during the DR period. As illus-
trated in Fig. 11, our analysis of the relationship between[∫ f

s
T (t) · dt/(f − s)

]
/Tb and Ehvac/Eb reveals that when

the optimal efficiency (Ehvac/Eb = 1) is achieved, the ratio[∫ f

s
T (t) · dt/(f − s)

]
/Tb remains within a narrow range of

1 ± 0.006. This finding suggests that regulating the average
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Fig. 11. Relationship between AEC and the ratio of average indoor temper-
ature to baseline indoor temperature.

indoor temperature during DR events can effectively ensure
optimal efficiency, even without access to the precise param-
eters needed for the VLP formula.

VII. CONCLUSIONS

For HVAC-based VBs participating in DR, our theoretical
analysis showed that the indoor temperature trajectory over a
complete VB cycle is a key factor impacting energy efficiency.
A novel concept called VLP and a method based upon that
were proposed to quantify this impact. Furthermore, based
on the VLP trajectory, we derived the condition for a VB
to achieve the optimal efficiency (RTE = 1 and AEC = 0).
Then, we developed a method for computing the load shifting
flexibility range of the VB constrained by the optimal effi-
ciency condition. We also proposed an MPC approach to pro-
vide a given amount of load shifting while meeting the optimal
efficiency condition. The robustness and effectiveness of our
analysis and methods are verified by numerical simulations.

APPENDIX
DETAILS ON THE BOUNDS OF Lτ , ∆Lτ , AND Lmean

i

Variables Lτ , ∆Lτ and Lmean
i are generally bounded by

power limits of the HVAC system. As mentioned in Section
V, the coefficient of performance is assumed to be a constant
COP , and the dynamics of Tτ and Lτ caused by Phvac,τ can
be described by:

Lτ =
Toa − Tτ

R · COP
+

1

COP
·Qgain(τ ·∆t), (37a)

Phvac,τ = −M · C · Tτ − Tτ−1

COP ·∆t
+

Lτ−1 + Lτ

2
. (37b)

Therefore, we can obtain the range of the indoor temperature
trajectories first. Then, the bounds of Lτ and Lmean

i (i.e., the
range of the VLP trajectories) can be calculated.

Considering a stage where the temperature setpoint is de-
creased during a complete VB cycle, Algorithm A.1 shows the
detailed process of computing the range of indoor temperature
trajectories and the bounds of the average VLP (L

mean

i and
Lmean
i ). The method of computing the bounds for a stage

where the temperature setpoint is increased is similar to
Algorithm A.1.
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Algorithm A.1 Computing the bounds of Lτ and Lmean
i

throughout a stage where the temperature setpoint is decreased

INPUT: start temperature Tτs
i−1 and final temperature Tτ f

i

(corresponding to indoor temperature setpoints).
1). Find the upper bounds of Lmean

i and Lτ :
T τs

i−1 ← Tτs
i−1

Lτs
i−1 ← L(T τs

i−1)
Phvac,τs

i
← Pmax

hvac

for τ = τ si , τ
s
i + 1, ..., τ fi do

Estimate Tτ by solving (37) based on Phvac,τ and T τ−1

if Tτ ≤ Tτ f
i

then
Phvac,τ+1 ← L(Tτ f

i
)

T τ ← Tτ f
i

else
Phvac,τ+1 ← Pmax

hvac

T τ ← Tτ

end if
Lτ ← L(T τ )

end for

L
mean

i ← 1
ni

τ f
i∑

τ=τs
i

Lτ

2). Find the lower bounds of Lmean
i and Lτ :

T τ f
i
← Tτ f

i

Lτ f
i
← L(T τ f

i
)

Phvac,τ f
i
← Pmax

hvac

for τ = τ fi , τ
f
i − 1, ..., τ si do

Estimate Tτ−1 by solving (37) based on Phvac,τ and T τ

if Tτ−1 ≥ Tτs
i−1 then

Phvac,τ−1 ← L(Tτs
i−1)

T τ−1 ← Tτs
i−1

else
Phvac,τ−1 ← Pmax

hvac

T τ−1 ← Tτ−1

end if
Lτ−1 ← L(T τ−1)

end for

Lmean
i ← 1

ni

τ f
i∑

τ=τs
i

Lτ

OUTPUT: Lmean

i , Lmean
i ,

{
Lτs

i
, Lτs

i+1, · · · , Lτ f
i

}
,

and
{
Lτs

i
, Lτs

i+1, · · · , Lτ f
i

}
.
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Fig. A.1. Feasible ranges of the indoor temperature trajectories and the
corresponding VLP trajectories throughout the i-th stage in a complete VB
cycle. (In this example, a temperature setpoint decrease is assumed for this
stage.)

After implementing the algorithm, we obtain a region con-
taining all possible indoor temperature trajectories that may be
observed in this stage of the VB cycle, and a feasible region
for VLP trajectories (as shown in Fig. A.1). These two regions
represent the limits of Tτ and Lτ variations during each time
interval [(τ − 1) ·∆t, τ ·∆t].

In addition, the change magnitude of VLP during each time
interval, ∆Lτ , is also bounded by the HVAC power limits,
and should be constrained in analyzing the VLP trajectory
(or equivalently, the indoor temperature trajectory). The slight
difference between Qgain((τ−1)·∆t) and Qgain(τ ·∆t) can be
ignored, as the variation of Qgain(t) is slow and small within
such a short interval. Therefore, based on (37), the relationship
between ∆Lτ and Phvac,τ can be represented as:

∆Lτ =
2 ·∆t

2 ·M · C ·R+∆t
· (Phvac,τ − Lτ−1) . (38)

This means that the value of ∆Lτ increases with Phvac,τ and
decreases with Lτ−1. As both Phvac,τ and Lτ−1 are defined
to be positive, the bounds of ∆Lτ can be calculated by:

∆Lτ =

(
Pmax
hvac − Lτ−1

)
· 2 ·∆t

2 ·M · C ·R+∆t
, (39a)

∆Lτ =

(
Pmin
hvac − Lτ−1

)
· 2 ·∆t

2 ·M · C ·R+∆t
. (39b)
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